Abstract. We consider the classical theta operator θ on modular forms modulo p m and level N prime to p where p is a prime greater than 3. Our main result is that θ mod p m will map forms of weight k to forms of weight k + 2 + 2p m−1 (p − 1) and that this weight is optimal in certain cases when m is at least 2. Thus, the natural expectation that θ mod p m should map to weight k + 2 + p m−1 (p − 1) is shown to be false.
Introduction
Let p be a prime number. We shall assume p ≥ 5 throughout the paper in order to avoid certain technicalities when p is 2 or 3.
Further let m ∈ N and denote by M k (N, Z p ) the Z p -module of modular forms of weight k for Γ 1 (N ) over Z p and let M k (N, Z/p m Z) be the Z/p m Z-module of modular forms for Γ 1 (N ) over Z/p m Z as defined classically by M k (N, R) = M k (N, Z)⊗R. Note that this definition relies on the existence of an integral structure on M k (N, C) (see for instance [1] ).
Let k 1 , . . . , k t be a collection of weights and let f i ∈ M ki (N, Z p ). The q-expansion of an element in a direct sum of the M ki (N, Z p )'s or M ki (N, Z/p m Z)'s is defined by extending linearly on each component. When we write f 1 + . . . + f t ≡ 0 (mod p m ), we shall mean that the q-expansion f 1 (q) + . . . + f t (q) lies in p m Z p [[q] ]. Similarly for f i ∈ M ki (N, Z/p m Z), we write f 1 + . . . + f t ≡ 0 (mod p m ) if the q-expansion of f 1 + . . . + f t equals 0 in (Z/p m Z) [[q] ]. In such a case, we say that f 1 + . . . + f t is congruent to 0 modulo p m . Let us recall the definition and basic properties of the standard Eisenstein series on SL 2 (Z), cf. §1 of [15] , for instance: the series
σ k−1 (n)q n with B k the k-th Bernoulli number and σ t (n) := d|n d t the usual divisor sum, is (with q := e 2πiz ) for k an even integer ≥ 4 a modular form on SL 2 (Z). Defining E k as the normalization
one has E k ≡ 1 (mod p t ) when (and only when) k ≡ 0 (mod p t−1 (p − 1)). 
, again by the q-expansion principle, so that the map can also be seen as induced by multiplication by E p m−1 (p−1) .
As is well-known, when we specialize the above series for G k to k = 2 and define ∂f of Ramanujan. Its effect on q-expansions is n a n q n → n na n q n . Since E 2 is a p-adic modular form it is for any m ∈ N congruent modulo p m to a classical modular form of some weight. Thus we have E 2 ≡ E p+1 (mod p), for example, and since we classically know that ∂ maps modular forms of weight k to modular forms of weight k + 2, one obtains the classical operator θ that maps M k (N, F p ) to M k+p+1 (N, F p ). Studying this operator as well as its interaction with the 'weight filtration' (see below) is a key tool in the theory of modular forms modulo p; cf. for instance Jochnowitz' proof of finiteness of systems of Hecke eigenvalues mod p across all weights in [11] , or Edixhoven's results on the optimal weight in Serre's conjectures [7] .
As we have launched a framework for the study of modular forms mod p m in [2] and [1] , it is natural to ask whether a θ operator with similar properties can be defined on such forms. We have discussed in [1] how to attach Galois representations to eigenforms mod p m , and it is clear from the properties of those attached representations that applying the θ operator corresponds on the Galois side to twisting by the cyclotomic character mod p m . Hence, the construction of the theta operator mod p m yields an immediate application to mod p m Galois representations (see Corollary 1) .
Notice that Serre shows in [15, Théorème 5] that there exists a θ operator on p-adic modular forms (of level 1) whose effect on q-expansions is n a n q n → n na n q n and that sends a form of (p-adic) weight k to a form of weight k + 2. One can view our results as finding a partially explicit expression with explicit weights for the mod p m reduction of this operator. Hence, our results are then that on the one hand an extension of the θ operator from the mod p to the mod p m situation is indeed possible, but that the interplay of the θ operator with the weights of the forms becomes much more complicated when m > 1 and that, in fact, there are certain genuine qualitative differences between the case m = 1 and the general cases m > 1. Let us explain in detail.
We show that a θ operator on modular forms mod p m can be defined such that θ
, such that the effect on q-expansions is n a n q n → n na n q n , and such that θ satisfies simple commutation rules with Hecke operators T ℓ for primes ℓ = N p, cf. the first part of Theorem 1 below. The proofs use a number of results from [15] plus the observation that f | V ≡ f p (mod p) where V is the classical V operator.
Define the weight w p m (f ) of an modular form f mod p m with f ≡ 0 (mod p) to be the smallest k ∈ Z such that f is congruent modulo p m to an element of M k (N, Z/p m Z). A classical fact, crucial for instance in the work [11] , is that when m = 1 we have w p (θf ) ≤ w p (f ) + p + 1 with equality if (and only if) p ∤ w p (f ).
One might expect the generalization of this to be that w p m (θf ) ≤ w p m (f ) + 2 + p m−1 (p − 1) (perhaps with equality in some cases). However, as the second part of Theorem 1 shows, this is false:
(i) The classical theta operator θ induces an operator
whose effect on q-expansions is a n q n → na n q n .
(ii) If ℓ = p is a prime and T ℓ denotes the ℓ-th Hecke operator, then
The proof of the second part of the Theorem uses some results of [13] , which are applicable to general level N prime to p. In particular, a main point is that if we consider the Eisenstein series E p−1 and E p+1 as modular forms modulo p in the sense of Katz then E p−1 (Hasse invariant) has only simple zeros and no zero common with E p+1 ; cf. [13, Remark on p. 57]. This point allows one to compute the weight filtration of the last term of the expression below for the θ operator mod p m , which is the controlling term. We would like to thank Nadim Rustom for a useful discussion about this point.
We have in fact conducted an in-depth study of the relation between and w p m (f ) and w p m (θf ) in the case of level N = 1 and for m = 2. However, the results are rather complicated and will not be stated in this article.
For simplicity, we have stated results in this paper for modular forms with coefficients in Z p and hence reductions with coefficients in Z/p m Z. The above theorem however is valid for coefficients in Z/p m Z (see e.g. [1] , section 2.4 for a definition of this ring) using the same proofs.
An immediate consequence of Theorem 1 to Galois representations is the following. We use the notation and terminology from [1] . Corollary 1. Let p ≥ 5 be a prime, ρ : G Q → GL 2 (Z/p m Z) be a residually absolutely irreducible Galois representation, and χ :
Proof. Note first that θ maps cusp forms to cusp forms. Suppose then that f ∈ S k (N )(Z/p m Z) is a weak eigenform in the sense that
The hypothesis of residual absolute irreducibility then allows us to conclude that ρ f ⊗ χ ∼ = ρ θf .
Regarding Corollary 1, the main result of the paper [3] implies an analogous statement about twisting with the mod p m reduction of the Teichmüller character, with some differences: In [3] , they consider the twist of f by the mod p m reduction of the Teichmüller character where f is a strong eigenform (again using the terminology of [1] ). One then finds a strong (and not merely weak) eigenform g as in the Corollary, but apparently without control over the weight k + k(m). The proof uses different methods (Coleman p-adic families of modular forms.) 2. The theta operator modulo prime powers 2.1. Eisenstein series. We shall now develop an explicit expression for the truncation modulo p m of the p-adic Eisenstein series G 2 .
Define the positive even integers k 0 , . . . , k m−1 as follows: If m ≥ 2, define: . When m = 2 we can, and will, be a bit more explicit: Proposition 2. We have:
with modular forms f 0 and f 1 of weights 2 + p(p − 1) and p(p + 1), respectively, explicitly:
It is amusing to note the following consequence of the Proposition: For p = 2, 3, we have the following congruence of Bernoulli numbers,
However, this can also be seen in terms of p-adic continuity of Bernoulli numbers (cf. [16] , Cor. 5.14 on p. 61, for instance).
Before the proofs of these propositions we need a couple of preparations. Let k be an even integer ≥ 2. Recall from [15] that if we choose a sequence of even integers k i such that k i → ∞ in the usual, real metric, but k i → k in the p-adic metric, then the sequence G ki has a p-adic limit denoted by G * k . This series G * k is a p-adic modular form of weight k. It does not depend on the choice of the sequence k i . In particular, we can, and will, choose k i := k + p i−1 (p − 1), because if we chose another k
Proof. Let u, v ≥ t. We claim that G ku ≡ G kv (mod p t ). Since the series G ki converges p-adically to G * k , the claim clearly implies the Lemma. If u = v the claim is trivial, so suppose not, say u < v.
is a modular form of weight k v , and we have G ku ≡ G (mod p t ). Now notice that, when i ≥ t, we have:
when p ∤ d and i ≥ t, and as d
. We conclude that the nonconstant terms of the series G ku and G kv are termwise congruent modulo p t . The same is then true of the forms G and G kv that are both forms of weight k v . Hence, the nonconstant terms of the form (G − G kv )/p t are all p-integral. As k v ≡ k ≡ 0 (mod (p − 1)), it follows from Théorème 8 of [14] that the constant term of this form is in fact also p-integral. Hence,
as desired.
Recall that the V operator is defined on formal q-expansions as a n q n | V := a n q np .
Corollary 2. We have
as a congruence between formal q-expansions.
Proof. Recall from [15] , §2, the identity, valid for any even integer k ≥ 2, that
The identity is first an identity of formal q-expansions, but then shows that G k is a p-adic modular form as V acts on p-adic modular forms, cf. [15] , §2.
If we specialize this identity to the case k = 2, reduce modulo p m , and note that the previous Lemma applies since (p − 1) ∤ 2, the claim follows immediately.
In the next paragraph and lemma, we use the notation M k (Γ, F ) to mean the F -module of modular forms of weight k over F , where Γ is a congruence subgroup of SL 2 (Z) and F is a subring of C or C p .
We can also see the V operator as an operator on modular forms: Suppose that f ∈ M k (SL 2 (Z), C). Then (f | V )(z) = f (pz), and as is well-known f | V ∈ M k (Γ 0 (p); C). The proof of the next lemma is a simple application of section 3.2 of [15] . Recall that if f ∈ M k (SL 2 (Z), Q p ) is nonzero with q-expansion n a n q n we define v p (f ) := min{v p (a n ) | n ∈ N} where v p (a n ) is the usual (normalized) p-adic valuation of a n . Lemma 2. Let f ∈ M k (SL 2 (Z), Q) and suppose v p (f ) = 0. Let t ∈ N and suppose that s ∈ Z ≥0 is such that
Then there is h ∈ M k+p s (p−1) (SL 2 (Z), Q) with v p (h) = 0, and such that
Proof. As we noted above, f | V is a modular form of weight k on Γ 0 (p). Since f | V = a n q np if f = a n q n we have v p (f | V ) = 0. Recall the Fricke involution for modular forms on Γ 0 (p) given by the action of the matrix
0 1 , (recall that the weight k action is normalized so that diagonal matrices act trivially), since
so that g is a modular form of weight p − 1 on Γ 0 (p). Then, if we put
for s ∈ Z ≥0 where tr denotes the trace from Γ 0 (p) to SL 2 (Z), it follows from section 3.2 of [15] that f s is a modular form on SL 2 (Z) of weight k + p s (p − 1) and rational q-expansion. Furthermore, Lemme 9 of [15] implies that
Hence, we can choose
Proof of Proposition 1: That the defined weights k 0 , . . . , k m−1 satisfy k 0 < . . . < k m−1 is verified immediately.
Thus, starting with Corollary 2 we see that it suffices to show that for each j ∈ {0, . . . , m− 1} there is a modular form f j of weight k j with rational q-expansion and v p (f j ) = 0, and such that
If m = 1, j = 0 we just take
p+1 that is of weight k m−1 = p m−1 (p + 1). So, suppose that j ≤ m − 2. We claim that for r = 0, . . . , j there is a modular form g r of weight 2 + p m−j−1 (p r+1 − 1), rational q-expansion with v p (g r ) = 0, and such that
which is the desired when r = j. We prove the last claim by induction on r noting that the case r = 0 is trivial. So, suppose that r < j and that we have already shown the existence of a modular form g r as above. Notice that
holds because m − j ≥ 2 (we used here that p > 2). Thus we see that Lemma 2 applies (taking s = m − j + r) and shows the existence of a modular form g r+1 with rational q-expansion and v p (g r+1 ) = 0, such that
and such that g r+1 has weight
and we are done.
Remark 1.
It is interesting to note that in the induction, the inequalities do not allow us to deal with the case j = m − 1, but then we use the congruence f | V ≡ f p (mod p) to take care of the last term.
Proof of Proposition 2:
Again by Corollary 2 we have:
we are done.
2.2.
Definition and properties of the θ operator. Recall the classical θ operator acting on formal q-expansions as q d dq , i.e., θ a n q n := na n q n , and the operator ∂ defined by
is a modular form of weight k (we have B 2 = 1 6
so that E 2 = −24G 2 ). Then ∂f is in M k+2 (N, C), and ∂ defines a derivation on M (N, C) := ⊕ k M k (N, C) (as follows by writing θ = The definition of ∂ implies that ∂ defines a derivation on ⊕ k M k (N, Z) and hence also on M (N,
(see for instance [6] ), a computation shows that we have
, as well as the fact that the forms E p−1 and the f j occurring in the definition all have level 1 and thus are fixed under the action of the operators ℓ p−1 and ℓ kj , respectively. We deduce that:
Then we have (with the usual convention that a n ℓ := 0 if ℓ ∤ n):
For ℓ | N , ℓ = p, a similar calculation holds (the second term involving b n ℓ is omitted throughout).
Thus, we have that
, and suppose further that p ∤ k and w p (f ) = k.
Assume that we had w p m (θf ) < k + 2 + 2p m−1 (p − 1) = k + k(m), i.e., that there exist a form g ∈ M k ′ (N, Z/p m Z) with g = f as forms with coefficients in Z/p m Z, and where k ′ < k + k(m). We then know that 
But, by a theorem of Igusa [10] , E p−1 vanishes to order 1 at every supersingular point of X 1 (N ) (see [8, second paragraph following (4.6)]). Hence the equality E p+1 φ = E p−1 ψ means that φ vanishes at every zero of E p−1 . Thus, we must have (κ > p − 1 and) φ = E p−1 η for some η ∈ M κ−(p−1) (N, Z/pZ).
By hypothesis we have κ − (p − 1) = 1 and so by (K2) we have that η is classical in the sense that η ∈ M κ−(p−1) (N, Z/pZ). But then w p (φ) ≤ κ − (p − 1), contrary to hypothesis.
Suppose then that N ≤ 4. We can reduce to the previous case as follows. Choose an auxiliary prime q ≥ 5 such that q ∤ N p and such that p ∤ t := q 2 − 1, and regard φ as a Katz modular form on Γ 1 (N q). The above argument then shows that under the assumption w p (E p+1 φ) < κ + p + 1 we will have φ = E p−1 η for some η ∈ M κ−(p−1) (N q, Z/pZ).
Choose formsφ ∈ M κ (N, Z p ) andη ∈ M κ−(p−1) (N, Z p ) that reduce to φ and η, respectively. Also, let ζ be a primitive N q'th root of unity, and let O be the ring of integers of Q(ζ) completed at a prime p above p.
Let γ 1 , . . . , γ t be a set of left coset representatives for Γ 1 (N q) in Γ 1 (N ). We then have the trace map f → tr f := and O/p is free over Z/pZ, it follows that φ in fact lies in M κ−(p−1) (N, Z/pZ). But this contradicts w p (φ) = κ.
